The windowed offset linear canonical transform (WOLCT) can be identified as a generalization of the windowed linear canonical transform (WLCT). In this paper, we generalize several different uncertainty principles for the WOLCT, including Heisenberg uncertainty principle, Hardy's uncertainty principle, Beurling's uncertainty principle, Lieb's uncertainty principle, Donoho-Stark's uncertainty principle, Amrein-Berthier-Benedicks's uncertainty principle, Nazarov's uncertainty principle and Logarithmic uncertainty principle.
LCT kernel with the OLCT kernel. This extension makes the WOLCT more general and flexible than the WLCT [3] , [8] .
Several basic properties [21] of the WOLCT are derived. But the uncertainty principles for the WOLCT have not been studied. The purpose of this paper are to derive some uncertainty principles for the WOLCT. This also provides a foundation for future practical applications.
The paper is organized as follows: In Section 2, we review some definitions. Some different uncertainty principles associated with the WOLCT are provided in Section 3. In Section 4, the conclusions are drawn.
Preliminary.
This section presents some relevant contents.
For 1 ≤ p ≤ ∞, the Lebesgue space L p (R) is defined as the space of all measurable functions on R such that
Now we introduce an inner product of the functions f, g defined on L 2 (R) is given by
Lemma 1. If f, g ∈ L 2 (R), then the Cauchy-Schwarz inequality [14] holds
If and only if f = −λg for some λ ∈ R, the equality holds.
For every choice of α and β of non-negative integers, the Schwartz space is defined by
where C ∞ (R) is the set of smooth functions on R and D β = ( ∂ ∂t ) β . [15] , [22] For f ∈ L 2 (R), the Fourier transform is given by
Definition 1. (FT)
Definition 2. (OLCT) [7] , [23] , [24] Let A = (a, b, c, d, u 0 , w 0 ) be a matrix parameter satisfying a, b, c, d, u 0 , w 0 ∈ R, and
where
From Def. 2 it can be seen that for case b = 0 the OLCT is simply a time scaled version off multiplied by a linear chirp.
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The inverse of an OLCT with parameters A = (a, b, c, d, u 0 , w 0 ) is given by an OLCT with parameters
The exact inverse OLCT [16] expression is
Next, we introduce one of important properties for the OLCT, its generalized Parseval formula [25] , as follows:
Next, we give definition of the windowed offset linear canonical transform (WOLCT) and the relationships of the WOLCT with other transforms.
where K A (t, u) is given by (7) .
For a fixed w, we have
When A = (a, b, c, d, 0, 0), the WOLCT becomes the WLCT.
Using the inverse OLCT to (8), we have
According to Def.3 and Def.4, we can obtain
Using Def.1 and Def.4, the WOLCT can be reduced to the FT
where [14] , [30] . K. I. Kou [8] and M. Bahri [9] discussed the uncertainty principles for the WLCT. In view of the WOLCT is a broad version of the WLCT, it is significant and valuable to research uncertainty principles in the WOLCT domain. So, we study several different kinds of uncertainty principles about the WOLCT in this section.
Uncertainty Principle for the WOLCT
3.1 Heisenberg Uncertainty Principle.
, we obtain the following consequences:
Let us give the concept of Heisenberg type uncertainty principle for the WLCT as follows:
Now we derive Heisenberg uncertainty principle for the WOLCT.
Proof. Based on Lemma 2, Lemma 4, we get
, we can replace the WLCT of f by the WOLCT of f on the both sides of (20) . Then, we have
From (14), we get e
Using (17), we have
which completes the proof. The concept of Hardy's uncertainty principle for the FT has been introduced in some literatures such as [22] , [27] .
and
for some positive constant α, β > 0, t, u ∈ R and C 1 , C 2 are positive constants, then
, where Q is a constant. By Lemma 3, we derive Hardy's uncertainty principle for the WOLCT.
for some positive constant α, β > 0, t, u ∈ R and C, C 0 are positive constants, then Proof. From (15), we get
is a positive constant. Using (25), we get
Applying (15) and (26), we have
are some positive constants. Beurling's uncertainty principle is a more general version of Hardy's uncertainty principle, which is given by A.Beurling and proved by Hörmander [28] and generalized by Bonami et al [29] . The Beurling's uncertainty principle for the OLCT [30] can be stated as follows.
then f = 0.
According to Lemma 6, we derive Beurling's uncertainty principle for the WOLCT.
Proof. Using (30) and φ ∈ L 2 (R)\{0} , we get
According to (31) and (12), we have
Hence, it follows from Lemma 6 that g = 0. Therefore, we have f = 0.
Which completes the proof.
Lieb's Uncertainty Principle
Lieb's uncertainty principle was first proposed by Elliott H. Lieb in 1989 [31] . The concept of Lieb's uncertainty principle for the WLCT was derived by M. Bahri, as follow
where E A = (2π)
According to Lemma 7, we derive Lieb's uncertainty principle for the WOLCT.
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Proof. Let h(t) = f (t)e i 1 b tu0 , then h = f . Using (14), we get
Replacing f in both sides of (33) with h, we have
The theorem is quite different from the one presented in another paper [20] . Berthier-Benedicks's Uncertainty Principle for FT [33] have been proposed. Let us recall the concept of Donoho-Stark's uncertainty principle for FT [33] as follows. 
Similarly, we say that its FT is ǫ−concentrated on a measurable set S ⊆ R, if
where |D| and |S| are the measures of the sets D and S.
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Before we obtain the Donoho-Stark's uncertainty principle for the WOLCT, let's give a definition.
Now we generalize Donoho-Stark's uncertainty principle for the WOLCT.
its WOLCT is ǫ S −concentrated on a measurable set S ⊆ R. Then,
Proof. According to Definition 4, we can get the WOLCT as follow
Using (43), we can have
Because of WOLCT is ǫ S −concentrated on a measurable set S ⊆ R, hence
From Definition 1, we know that F ρ(2πbu) is the FT of ρ(t).
By (38) and (39), we obtain
Hence, F ρ(2πbu) is ǫ S −concentrated on a measurable set
Using |ρ(t)| = |f (t)||φ(0)|, we get
Therefore, ρ(t) is ǫ D −concentrated on a measurable set D ⊆ R. According to Lemma 8, we have
Hence,
Let's first give Amrein-Berthier-Benedicks's Uncertainty Principle for FT [33] , as follow
Amrein-Berthier-Benedicks's Uncertainty Principle for WOLCT is obtained as follow. 
) is the FT of ρ(t), we have ρ(t) = 0 by Lemma 9. Finally, we get f (t) = 0.
Nazarov's Uncertainty Principle
Nazarov's uncertainty principle was first proposed by F.L. Nazarov in 1993 [34] , [35] . It says what happens if a nonzero function and its Fourier transform are only small outside a compact set. The following lemma is the concept of Nazarov's uncertainty principle for the OLCT [30] .
Lemma 10. Let f ∈ L 2 (R) and T, U be two subsets of R with finite measure. Then, there exists a constant C > 0, such
Inspired by Lemma 10, we obtain Nazarov's uncertainty principle for the WOLCT.
and T, U be two subsets of R with finite measure. Then, there exists a constant C > 0, such that
Proof. According to Lemma 10, (12) and
Integrating with respect to dw we get
which completes the proof.
3.7 Logarithmic Uncertainty Principle W. Beckner first introduced Logarithmic uncertainty principle in 1995 [36] . We obtain the concept of Logarithmic uncertainty principle for the WLCT [19] as follows:
Lemma 11. Let φ ∈ S(R). Then, for every f ∈ S(R), we have:
where M = ϕ( Proof. The proof of Theorem 8 is quite similar to the proof of Theorem 1 and so details are omitted.
Conclusions
The uncertainty principles for many linear transforms such as the FT, the OLCT and the WLCT have been obtained.
But the uncertainty principles for the WOLCT have not been studied. In this paper, using the relationship between the WOLCT and the other transforms (the FT, the OLCT and the WLCT), the uncertainty principles for the WOLCT such as work, we will think about these applications of the WOLCT in signal processing and these uncertainty principles for discrete domain.
